Ionization cooling of a muon beam by means of Li or Be lensesabsorbers is considered. It is shown that an achievable transverse emittance and radius of the beam depend on a current density of the lenses. The optimal scheme of the cooling is suggested.
Two factors are responsible for a nal transverse emittance of muon beam subjected to ionization cooling: e ective friction force due to energy losses, and di usion of particles caused by the multiple Coulomb scattering 1, 2] . The role of the second factor increases when -function is large; therefore, it is necessary to use a lattice with an extremely small -functions on both horizontal and vertical directions at nal stages of the cooling process to achieve a minimal emittance of the cooled beam. The most suitable devices for this purpose are Li or Be lenses with high current density which can provide both a very strong focusing in transverse directions and ionization cooling of the beam with a minimal contribution from the scattering.
Therefore, let us consider a cell shown in the next picture as a period of a facility for nal cooling of a muon beam. The beam passes over a Li or Be absorber of radius R along which a current J ows to produce a magnetic eld with a gradient G = 2J cR 2 :
It provides a focusing both in horizontal and vertical directions. The average energy losses for ionization are compensated by re-acceleration in the linac.
A few similar cells can be arranged in series to form a linear structure, or the beam may be forced to re-enter the cell repetitively with a special magnet system. If the latter is the case, we suppose this system to be dispersion-free through the section ab. Without the scattering, unnormalized (to momentum) transverse emittance of the beam is kept constant within the absorber, while the normalized one is kept intact throughout the linac. Therefore, the total change of the normalized r.m. (12) where k is a beam-to-absorber lling ratio:
The most important conclusions following from Eqs.(10) and (13) are: the beam emittance depends only on the current density of the lens-absorber, whereas the lling ratio depends only on its total current.
Consider as an example the FNAL Li lens (R = 1 cm, J = 500 kA). Additionally, suppose x a = 4, x b = 2 which corresponds to deceleration of the particles from kinetic energy of 330 MeV to 130 MeV by absorber. In this case the factor F = 0:94, and Eqs.(10) and (13) give 1 = 230 mm mrad (25% more for Be lens-absorber with the same current), and k 1 = 0:18. Such an emittance exceeds essentially the required one for muon-muon collider, and should be decreased several times. It is seen from eq.(10) that an increase of the lens current is not very e ective for this purpose, while a decrease of its diameter at the same current leads to the proportional decrease of the beam emittance and its radius.
Therefore, consider a modi cation of the cooling system which di ers from above one only in that the lens radii R n depend on cell number n whereas their other parameters are the same in all the cells. First of all, nd the necessary rule to change the magnitudes R n .
Suppose that the beam normalized emittance for the n-th cell is n?1 at the entrance and n at the exit. It follows from Eqs. (4) and (11) 
Substitution of this quantity into Eqs. (7) and (2) gives the emittance magnitude at the end of n-th cell: n = n?1 ;
(16) where a damping coe cient does not depend on the cell number:
It means that the beam emittance varies in such a system exponentially:
Of course, one must require < 1 to provide a damping, setting a restriction
As an example, consider lenses with current 500 kA at x a = 4, x b = 2. In this case the allowable lling ratio is 0.15, so a value of k = 0:25 is acceptable, providing = 0:676. Suppose the beam emittance is 10 4 mm mrad at the entrance to rst cell. According to Eq.(15), rst lens radius must be 150 mm to accept such a beam. The following evolution of emittance and the lens radii required are shown in the next table. Magnitudes of -functions at the end of each lens (where they are minimal) are presented as well. These are important parameters because it is necessary to a ord a matching of entrance-exit of each lens with the linac optics which is not a simple matter at small -functions. Take, for instance, the minimal radius of the lenses as 10 mm. Then one would obtain the beam emittance about 440 mm mrad after 8-th cell. 5 -6 additional cells like 8-th one allow to decrease the emittance to 230 mm mrad, which is limiting value in this example. In any case, the nal emittance depends only on the lens current density, and can not be less than the value de ned by Eq.(10) where R and J are stand for the latest absorbers of the chain.
Certainly, the possibility to decrease 1 by using a stronger deceleration of muons in absorber (to decrease x b ) is an attractive way, but it contradicts to a cooling of the longitudinal phase volume. An optimization of the momentum x b should be made in the frames of a more general scheme including devices for a coupling of longitudinal and transverse motion to provide an optimal distribution of the decrements over them. It is not a goal of this work, but the next short remark seems to be important.
Because of statistical uctuations, the absorber contributes signi cantly to the beam momentum spread. Each a passage of the absorber increases r.m.s. value of it by 
